PDE QUALIFYING EXAMINATION (MAY 2018)

Do not use any outside resources or collaborate with anyone to help you complete this
exam. You have 2 hours to complete this exam.
Problem 1. Fix n < p < co.

(a) Show there is exactly one unique value of ¢ > 0 (and find that value), such that there can
exist a constant C' > 0 depending only on n, ¢, and p such that

suplu| < C(Vol(spt u))!||[ DullLp@n), ¥ u e CF(R"),
Rn

(you do not have to prove the inequality itself).
(b) Prove there cannot exist a constant C' > 0 independent of u such that

sup|u| < C||Dul|ppwny, Y u € CF(R").
]Rn

Problem 2. Let 2 C R"™ be bounded and connected with C' boundary, n > 2, and g €
L2(09), f € L*(Q) be fixed. We say u € H'(Q) is a weak solution of the nonhomogeneous
Neumann problem if for all v € H (),
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where T': HY(Q) — L%(09Q) is the trace operator. Prove that there exists a weak solution to
the above problem for any g and f satisfying

/andSnL/Qf:O.

Problem 3. Let 2 C R” be a bounded, open, connected set with C* boundary, n > 2, and fix
1 <p<oo. Also define W := {u € W'P(Q) | [, Tu dS = 0} where T : WHP(Q) — LP(9Q)
is the trace operator. Prove there is a C' > 0 such that

[ullze@) < CllDullze(qy-
(Hint: try to mimic the proof of the Pomcare—ertlnger inequality).

Problem 4. Let Q C R be an open domain. Prove that if u, w € C?(Q) N C(Q) are such
that v < w on 99 and

n

= (2 = cos (|Duf*))us; + u(|Dul® + 1) < =3 (2 = cos (| Dw|?))wi; + w(| Dw|* + 1)
i=1 =1
on 2, then v < w on all of 2.
Problem 5. Let Q = {(x,y) € R? | 0 < y < 1 — 22}, and define the divergence form operator

Lu:= —(aijui)j,
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Prove that if A is the principal eigenvalue for the Dirichlet problem associated to L on €2,
in the weak sense, then A\; > %
1



